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Abstract
He’s variational iteration method is applied to fourth-order parabolic partial differential equations with variable coefficients. To
illustrate the ability and reliability of the method, some examples are given, revealing its effectiveness and simplicity.
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1. Introduction
He’s variational iteration method [1–7] is a powerful device for solving various nonlinear equations. Recently this
method has attracted a wide class of audiences in all fields of science and engineering [8–19]. In this study, He’s
variational iteration method is adopted to study fourth-order parabolic partial differential equations.
To illustrat the basic idea of the variational iteration method, consider the following nonlinear equation
Lu(t)+ Nu(t) = g(t)
where L is a linear operator, N is a nonlinear operator, and g(t) is a known analytic function. According to the
variational iteration method [1–7], we can construct the following correction functional
un+1(t) = un(t)+
∫ t
0
λ(Lun(ξ)+ Nu˜n(ξ)− g(ξ))dξ
where λ is a general Lagrange multiplier, which should be identified via variational theory, u˜n is considered as
restricted variation i.e. δu˜n = 0 and u0(t) is an initial approximation with possible unknowns. For linear problems,
we can obtain the exact solution by only one iteration, because λ can be identified exactly.
∗ Corresponding author. Tel.: +98 131 3233509; fax: +98 131 3233509.
E-mail addresses: biazar@guilan.ac.ir, jbiazar@dal.ca (J. Biazar), hghazvini@guilan.ac.ir, hosseinqazvini@yahoo.com (H. Ghazvini).
0898-1221/$ - see front matter c© 2007 Published by Elsevier Ltd
doi:10.1016/j.camwa.2006.12.049
1048 J. Biazar, H. Ghazvini / Computers and Mathematics with Applications 54 (2007) 1047–1054
2. Fourth-order parabolic partial differential equations
We consider a fourth-order parabolic partial differential equation, with variable coefficients, of the form [20–22]
∂2u
∂t2
+ µ(x, y, z)∂
4u
∂x4
+ λ(x, y, z)∂
4u
∂y4
+ η(x, y, z)∂
4u
∂z4
= g(x, y, z, t), a < x, y, z < b, t > 0 (1)
where µ(x, y, z), λ(x, y, z), and η(x, y, z) are positive.
Subject to the initial conditions:
u(x, y, z, 0) = f0(x, y, z), ∂u
∂t
(x, y, z, 0) = f0(x, y, z)
and the boundary conditions:
u(a, y, z, t) = g0(y, z, t), u(b, y, z, t) = g1(y, z, t),
u(x, a, z, t) = k0(x, z, t), u(x, b, z, t) = k1(x, z, t),
u(x, y, a, t) = h0(x, y, t), u(x, y, b, t) = h1(x, y, t),
∂2u
∂x2
(a, y, z, t) = g¯0(y, z, t), ∂
2u
∂x2
(b, y, z, t) = g¯1(y, z, t),
∂2u
∂y2
(x, a, z, t) = k¯0(x, z, t), ∂
2u
∂y2
(x, b, z, t) = k¯1(x, z, t),
∂2u
∂z2
(x, y, a, t) = h¯0(x, y, t), ∂
2u
∂z2
(x, y, b, t) = h¯1(x, y, t).
where the functions fi , gi , ki , hi , g¯i , k¯i , h¯i , i = 0, 1 are continuous.
For solving this equation by the variational iteration method [1–7], its correction functional can be written down as
follows:
un+1(x, y, z, t) = un(x, y, z, t)+
∫ t
0
λ
(
∂2un
∂ξ2
+ µ(x, y, z)∂
4 u˜n
∂x4
+ λ(x, y, z)∂
4 u˜n
∂y4
+ η(x, y, z)∂
4 u˜n
∂z4
)
dξ
−
∫ t
0
λg(x, y, z, ξ)dξ.
To make this correction functional stationary, knowing δun(x, y, z, 0) = 0, we have
δun+1 = δun +
(
λ(δun)′
)t
0 −
(
λ′δun
)t
0 +
∫ t
0
λ′′δundξ = 0.
Its stationary conditions can be determined as follows
δun : 1− λ′(t) = 0,
δu′n : λ(t) = 0,
δun : λ′′(ξ) = 0.
From this, a Lagrange multiplier can be identified as λ = ξ − t , and the following iteration formula is obtained.
un+1(x, y, z, t) = un(x, y, z, t)+
∫ t
0
(ξ − t)
(
∂2un
∂ξ2
+ µ(x, y, z)∂
4un
∂x4
+ λ(x, y, z)∂
4un
∂y4
+ η(x, y, z)∂
4un
∂z4
)
dξ −
∫ t
0
(ξ − t)g(x, y, z, ξ)dξ. (2)
Beginning with u0(x, y, z, t) = f0(x, y, z) + f1(x, y, z)t , the approximate solution of (1) can be determined by
the iterative formula (2).
J. Biazar, H. Ghazvini / Computers and Mathematics with Applications 54 (2007) 1047–1054 1049
3. Examples
To illustrate the solution procedure and show the ability of the method, some examples are provided.
Example 1. Consider the following one dimensional, variable coefficient fourth-order parabolic partial differential
equations [21,23]
∂2u
∂t2
+
(
1
x
+ x
4
120
)
∂4u
∂x4
= 0, 1
2
< x < 1, t > 0.
Subject to the initial conditions:
u(x, 0) = 0, ∂u
∂t
(x, 0) = 1+ x
5
120
,
and the boundary conditions:
u
(
1
2
, t
)
=
(
1+ (0.5)
5
120
)
sin t, u(1, t) =
(
121
120
)
sin t,
∂2u
∂x2
(
1
2
, t
)
= 1
6
(
1
2
)3
sin t,
∂2u
∂x2
(1, t) = 1
6
sin t.
The corresponding iterative formula (2) for this example can be derived as
un+1(x, t) = un(x, t)+
∫ t
0
(ξ − t)
(
∂2un
∂ξ2
+
(
1
x
+ x
4
120
)
∂4un
∂x4
)
dξ. (3)
Starting with u0(x, t) = (1+ x5120 )t , by the iterative formula (3), we derive the following results,
u1(x, t) =
(
1+ x
5
120
)(
t − t
3
3!
)
,
u2(x, t) =
(
1+ x
5
120
)(
t − t
3
3! +
t5
5!
)
,
u3(x, t) =
(
1+ x
5
120
)(
t − t
3
3! +
t5
5! −
t7
7!
)
,
....
Thus, we have u = limn→∞ un(x, t) = (1+ x5120 ) sin t , which is the exact solution.
Example 2. Consider the following parabolic equation [21,23]
∂2u
∂t2
+
( x
sin x
− 1
) ∂4u
∂x4
= 0, 0 < x < 1, t > 0.
With initial conditions:
u(x, 0) = x − sin x, ∂u
∂t
(x, 0) = −(x − sin x).
And the boundary conditions:
u(0, t) = 0, u(1, t) = e−t (1− sin 1), ∂
2u
∂x2
(0, t) = 0, ∂
2u
∂x2
(1, t) = e−t sin 1.
The iterative formula corresponding to (2) can be expressed as the following
un+1(x, t) = un(x, t)+
∫ t
0
(ξ − t)
(
∂2un
∂ξ2
+
( x
sin x
− 1
) ∂4un
∂x4
)
dξ. (4)
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Commencing with u0(x, t) = (x − sin x)(1− t), we have
u1(x, t) = (x − sin x)
(
1− t + t
2
2! −
t3
3!
)
,
u2(x, t) = (x − sin x)
(
1− t + t
2
2! −
t3
3! +
t4
4! −
t5
5!
)
,
u3(x, t) = (x − sin x)
(
1− t + t
2
2! −
t3
3! +
t4
4! −
t5
5! +
t6
6! −
t7
7!
)
,
....
Therefore limn→∞ un(x, t) = (x − sin x)e−t , which is the exact solution.
Example 3. Now we solve the following one dimensional non-homogeneous fourth-order equation [21,23]
∂2u
∂t2
+ (1+ x)∂
4u
∂x4
=
(
x4 + x3 − 6
7! x
7
)
cos t, 0 < x < 1, t > 0
subject to the initial and boundary conditions listed below.
Initial conditions:
u(x, 0) = 6
7! x
7,
∂u
∂t
(x, 0) = 0.
Boundary conditions:
u(0, t) = 0, u(1, t) = 6
7! cos t,
∂2u
∂x2
(0, t) = 0, ∂
2u
∂x2
(1, t) = 1
20
cos t.
He’s variational iteration method leads to the following iteration scheme:
un+1(x, t) = un(x, t)+
∫ t
0
(ξ − t)
(
∂2un
∂ξ2
+ (1+ x)∂
4un
∂x4
−
(
x4 + x3 − 6
7! x
7
)
cos ξ
)
dξ. (5)
Starting with u0(x, t) = 67! x7, and using the iterative formula (5), we have
u1(x, t) = 67! x
7 cos t + (x4 + x3)
(
1− cos t − t
2
2!
)
,
u2(x, t) = 67! x
7 cos t + 24(x + 1)
(
1− cos t − t
2
2! −
t4
4!
)
,
u3(x, t) = 67! x
7 cos t.
It can be easily shown that ui (x, t) = 67! x7 cos t i = 4, 5, . . .; thus an exact solution is obtained which reads
u(x, t) = 6
7! x
7 cos t.
It is worth mentioning that, the results in Examples 1–3 are exactly the same as those in [21].
Example 4. Consider the fourth-order parabolic equation in two space variables [20]
∂2u
∂t2
+ 2
(
1
x2
+ x
4
6!
)
∂4u
∂x4
+ 2
(
1
y2
+ y
4
6!
)
∂4u
∂y4
= 0, 1
2
< x, y < 1, t > 0.
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Initial conditions:
u(x, y, 0) = 0, ∂u
∂t
(x, y, 0) = 2+ x
6
6! +
y6
6! .
Boundary conditions:
u
(
1
2
, y, t
)
=
(
2+ (0.5)
6
6! +
y6
6!
)
sin t, u(1, y, t) =
(
2+ 1
6! +
y6
6!
)
sin t,
∂2u
∂x2
(
1
2
, y, t
)
= (0.5)
4
24
sin t,
∂2u
∂x2
(1, y, t) = 1
24
sin t,
∂2u
∂y2
(
x,
1
2
, t
)
= (0.5)
4
24
sin t,
∂2u
∂y2
(x, 1, t) = 1
24
sin t.
The iterative formula can be expressed as:
un+1(x, y, t) = un(x, y, t)+
∫ t
0
(ξ − t)
(
∂2un
∂ξ2
+ 2
(
1
x2
+ x
4
6!
)
∂4un
∂x4
+ 2
(
1
y2
+ y
4
6!
)
∂4un
∂y4
)
dξ. (6)
Starting with u0(x, y, t) = (2 + x66! + y
6
6! )t , and using the iterative formula (6), first few terms are computed as
follows:
u1(x, y, z, t) =
(
2+ x
6
6! +
y6
6!
)(
t − t
3
3!
)
,
u2(x, y, z, t) =
(
2+ x
6
6! +
y6
6!
)(
t − t
3
3! +
t5
5!
)
,
u2(x, y, z, t) =
(
2+ x
6
6! +
y6
6!
)(
t − t
3
3! +
t5
5! −
t7
7!
)
,
....
Therefore, the exact solution is recognized easily:
u(x, y, t) = lim
n→∞ un =
(
2+ x
6
6! +
y6
6!
)
sin t.
Example 5. Let us solve the following partial differential equation in three space variables [20]:
∂2u
∂t2
+
(
y + z
2 cos x
− 1
)
∂4u
∂x4
+
(
z + x
2 cos y
− 1
)
∂4u
∂y4
+
(
x + y
2 cos z
− 1
)
∂4u
∂z4
= 0, 0 < x, y, z < pi
3
, t > 0.
Subject to the initial conditions:
u(x, y, z, 0) = −∂u
∂t
(x, y, z, 0) = x + y + z − (cos x + cos y + cos z),
and the boundary conditions:
u(0, y, z, t) = e−t (−1+ y + z − cos y − cos z),
u
(pi
3
, y, z, t
)
= e−t
(
2pi − 3
6
+ y + z − cos y − cos z
)
,
u(x, 0, z, t) = e−t (−1+ x + z − cos x − cos z),
u
(
x,
pi
3
, z, t
)
= e−t
(
2pi − 3
6
+ x + z − cos x − cos z
)
,
u(x, y, 0, t) = e−t (−1+ x + y − cos x − cos y),
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u
(
x, y,
pi
3
, t
)
= e−t
(
2pi − 3
6
+ x + y − cos x − cos y
)
,
∂u
∂x
(0, y, z, t) = ∂u
∂y
(x, 0, z, t) = ∂u
∂z
(x, y, 0, t) = e−t ,
∂u
∂x
(pi
3
, y, z, t
)
= ∂u
∂y
(
x,
pi
3
, z, t
)
= ∂u
∂z
(
x, y,
pi
3
, t
)
=
√
3+ 2
2
e−t .
From (2), the variational iteration formula will be obtained as:
un+1(x, y, z, t) = un(x, y, z, t)+
∫ t
0
(ξ − t)∂
2un
∂ξ2
dξ
+
∫ t
0
(ξ − t)
((
y + z
2 cos x
− 1
)
∂4un
∂x4
+
(
z + x
2 cos y
− 1
)
∂4un
∂y4
+
(
x + y
2 cos z
− 1
)
∂4un
∂z4
)
dξ. (7)
Consider the initial approximation u0(x, y, z, t) = (x + y + z − cos x − cos y − cos z)(1− t).
And apply the variational iteration Eq. (7), other terms of the sequence are computed as follows:
u1(x, y, z, t) = (x + y + z − cos x − cos y − cos z)
(
1− t + t
2
2! −
t3
3!
)
,
u2(x, y, z, t) = (x + y + z − cos x − cos y − cos z)
(
1− t + t
2
2! −
t3
3! +
t4
4! −
t5
5!
)
,
u3(x, y, z, t) = (x + y + z − cos x − cos y − cos z)
(
1− t + t
2
2! −
t3
3! +
t4
4! −
t5
5! +
t6
6! −
t7
7!
)
,
....
Having these terms the solution can be determined easily.
u(x, y, z, t) = (x + y + z − cos x − cos y − cos z)
∞∑
n=0
(−1)n tn
n! = (x + y + z − cos x − cos y − cos z)e
−t .
In this example, we have also obtained the exact solution.
Example 6. As the last example, we consider the following three dimensional non-homogeneous fourth-order
equation [20]
∂2u
∂t2
+
(
1
4!z
)
∂4u
∂x4
+
(
1
4!x
)
∂4u
∂y4
+
(
1
4!y
)
∂4u
∂z4
= −
[
x
y
+ y
z
+ z
x
+ 1
x5
+ 1
y5
+ 1
z5
]
cos t,
1
2
< x, y, z < 1, t > 0.
Initial conditions:
u(x, y, z, 0) = x
y
+ y
z
+ z
x
,
∂u
∂t
(x, y, z, 0) = 0.
And the boundary conditions:
u
(
1
2
, y, z, t
)
=
(
1
2y
+ y
z
+ 2z
)
cos t, u(1, y, z, t) =
(
1
y
+ y
z
+ z
)
cos t,
u
(
x,
1
2
, z, t
)
=
(
2x + 1
2z
+ z
x
)
cos t, u(x, 1, z, t) =
(
x + 1
z
+ z
x
)
cos t,
u
(
x, y,
1
2
, t
)
=
(
x
y
+ 2y + 1
2x
)
cos t, u(x, y, 1, t) =
(
x
y
+ y + 1
x
)
cos t,
∂u
∂x
(
1
2
, y, z, t
)
=
(
1
y
− 4z
)
cos t,
∂u
∂x
(1, y, z, t) =
(
1
y
− z
)
cos t,
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∂u
∂y
(
x,
1
2
, z, t
)
=
(
−4x + 1
z
)
cos t,
∂u
∂y
(x, 1, z, t) =
(
−x + 1
z
)
cos t,
∂u
∂z
(
x, y,
1
2
, t
)
=
(
−4y + 1
x
)
cos t,
∂u
∂z
(x, y, 1, t) =
(
−y + 1
x
)
cos t.
Applying He’s variational iteration method yields
u0(x, y, z, t) = xy +
y
z
+ z
x
,
un+1(x, y, z, t) = un(x, y, z, t)+
∫ t
0
(ξ − t)
(
∂2un
∂ξ2
+
(
1
4!z
)
∂4un
∂x4
+
(
1
4!x
)
∂4un
∂y4
+
(
1
4!y
)
∂4un
∂z4
)
dξ
+
∫ t
0
(ξ − t)
[(
x
y
+ y
z
+ z
x
)
+
(
1
x5
+ 1
y5
+ 1
z5
)]
cos ξdξ. (8)
From which we have
u1(x, y, z, t) =
(
x
y
+ y
z
+ z
x
)
cos t +
(
1
x5
+ 1
y5
+ 1
z5
)(
cos t + t
2
2! − 1
)
,
u2(x, y, z, t) =
(
x
y
+ y
z
+ z
x
)
cos t + 70
(
1
zx9
+ 1
xy9
+ 1
yz9
)(
1− cos t − t
2
2! −
t4
4!
)
,
u3(x, y, z, t) =
(
x
y
+ y
z
+ z
x
)
cos t + 133650
(
1
z2x13
+ 1
x2y13
+ 1
y2z13
)(
1− cos t − t
2
2! +
t4
4! +
t6
6!
)
,
....
The sequence tends to ( xy + yz + zx ) cos t , as n →∞. Therefore, we have
u(x, y, z, t) =
(
x
y
+ y
z
+ z
x
)
cos t.
which is the exact solution.
It is worth pointing out that the results in Examples 4–6 are also exactly the same as those in [20].
4. Conclusion
The main concern of this article is to construct an analytical solution for fourth-order parabolic partial differential
equations. We have achieved this goal by applying He’s variational iteration method. This method, like the Adomian
Decomposition method, has gained a lot of attention over recent years. The main advantage of the method is the fact
that it provides its user with an analytical approximation, in many cases an exact solution, in a rapidly convergent
sequence with elegantly computed terms. Analytical solutions enable researchers to study the effect of different
variables or parameters on the function under study easily. Its small size of computation in comparison with the
computational size required in other numerical methods, and its rapid convergence show that the method is reliable
and introduces a significant improvement in solving partial differential equations over existing methods. The solution
procedure of the variational iteration method is simpler than that of Adomian decomposition method, and the amount
of computation required in variational iteration method is much less than that in Adomian decomposition method.
The method has been analyzed and applied to some homogeneous and non-homogeneous examples, illustrating its
simplicity, reliability and efficiency. The results are compared with those in open literature [20,21], revealing that that
the obtained solutions are exactly same with those obtained by the Adomian decomposition method [20,21], but the
convergence of this method is much faster than that of the Adomian method.
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